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Abstract. In many countries with high socio-economic development, demographic trends highlight
meaningful changes in the population structure and size especially due to the joined effects of declining
fertility rates and increasing life expectancies, particularly at older ages. This phenomenon leads mainly to a
drastic increase in the ratio of the elderly to the young active population and undermines the welfare
systems. Specifically, it puts hard pressure on pension systems where the current expenditure is paid by the
current contributions in the light of a pay-as-you-go financing because it occurs that the former is increasing
and the latter is decreasing due to the afore-said phenomenon.
In this paper, first we analyse the population forecast of five high-income countries on the basis of the
current values of fertility rates and survival probabilities. We apply the Leslie model in a form elaborated by
one of the authors in a previous article written in collaboration. Our findings confirm that the considered
populations numerically decrease according to the value of the Leslie dominant eigenvalue lower than one,
while the percentage distribution by age stabilises itself proportionally to the Leslie dominant eigenvector.
The structure of this distribution indicates the afore-said “reversal” of the ratio of the elderly to the young
population.
Therefore, also consistently with the criterion of Brauer-Solow, we estimate the adjustment rate of the
fertility rates at all ages in the female Leslie matrix so that the dominant eigenvalue is equal to one and thus
the population tends to stabilise in its size in addition to its percentage distribution by age. As it is clear, this
adjustment also involves a change in the Leslie dominant eigenvector and a realignment of the ratio of the
elderly to the young population on lower values.
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1. Introduction
Population ageing is a demographic phenomenon in which fertility and mortality decline from higher to
lower levels. Decreasing fertility and longer life expectancy redraw the age structure of the population as
they involve the increase of the relative weight of the older age groups with respect to the total population. In
fact, a decline in fertility reduces the number of babies and, hence, the number of younger people and an
increase in longevity raises the number of surviving older people, so enlarging the size of the older age
groups.
Currently, the phenomenon of the population aging involves many countries at high socio-economic
development all over the world. Even though it has to be considered as a sign of well-being and progress
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under a social, cultural and economic point of view, at the same time it results in issues for the sustainability
of social security systems, particularly if they are pay-as-you-go financed as usually it occurs. With specific
regard to the major part of the European countries, which currently experience low rates of mortality up to
advanced adult ages and persistent low rates of fertility, the observed or projected decline in the population is
considered one of the main challenges to long-term social and economic sustainability, as highlighted by
national governments and the European Commission. This is even more emphasised by the current economic
crisis that puts a further increasing pressure on economic systems and negatively impacts on public finances.
Therefore, in order to better understand at which extent the socio-economic challenge of the population
aging affects sustainability of social security schemes, it is appropriate to analyse the current and projected
dynamics of the population and its distribution by age, whose changes depend on the trends in three key
factors: fertility rates, survival probabilities, and net migration inflows. With regard to European countries,
we refer to the analysis provided by the European Commission and the Economic Policy Committee (EPC)
Working Group on Ageing Populations (AWG) published in the latest report of 2012 (Economic Policy
Committee & European Commission, 2012).
In the next decades, it is expected a slow recovery in fertility rates. For the Europe as a whole, the total
fertility rate is projected to rise from 1.59 in 2010 to 1.71 by 2060, with the exception of some countries,
among which Sweden, where the total fertility rate is expected to decrease though remaining above 1.9, and
countries as Belgium, Denmark and Finland where it is projected to remain stable. However, “…in all
countries the fertility rates are expected to remain below the natural replacement rate of 2.1 in the period to
2060...”, (Economic Policy Committee & European Commission, 2012, p. 24).
Differently, a further increase in survival probabilities is expected. Life expectancy at birth is projected
to increase by about 8 years for males moving from 76.7 in 2010 to 84.6 in 2060, and by about 6.5 years for
females, moving from 82.5 in 2010 to 89.1 in 2060. The AWG population projections use the “convergence
hypothesis”, namely life expectancy increases are assumed to be greater for countries at lower levels of life
expectancy and smaller for those at higher levels, thus following convergent trajectories. In spite of the
“convergence hypothesis” underlying the projections, countries as Italy and Sweden result in having the
highest life expectancy at birth for male in 2010 (Italy 78.9 and Sweden 79.4) and in projection to 2060 (85.5
in Sweden and Italy).
Net migration to the European countries has to be considered jointly the previous factors. “… For the
Europe as a whole, annual net inflows are projected to increase from about 1,043,000 people in 2010
(equivalent to 0.2% of the natural EU population) to 1,332,500 by 2020 and thereafter declining to 945,000
people by 2060…”, see (Economic Policy Committee & European Commission, 2012, p. 25). The cumulated
net migration towards Europe is projected to be 60.7 million up to 2060, with particular concentration
towards a few destination countries, first of all Italy (15.9 million cumulated up to 2060), followed by Spain
(11.2 million) and United Kingdom(8.6 million).
According to the above cited report, under the assumed projected trends and on the basis of current
policies, for the Europe as a whole the age-related public expenditure is projected to increase by 4.1
percentage points of GDP between 2010 and 2060. Specifically, the only public pension expenditure is
projected to increase by 1.5 p.p. of GDP over the same period, even though with notable diversities across
EU Member States depending on the stage of implementation of pension reforms.
The main goal of this paper consists in analysing the issue of population stability. We aim to understand
if the population tends to stabilize under current fertility rates and survival probabilities, namely if the size
and the percentage distribution by age of the population stabilise. We neglect the effects of migration as the
question on the levels of migration required to compensate for low fertility rates is still debated, see e.g., among
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many others, Lesthaeghe (2000), Alho (2008). In recent years, migration has been considered as an important
phenomenon driving the changing in the population, especially for many European countries that
experienced an increase in the population size following an increasing immigration. On the other hand, “…
numerous studies have shown that the numbers of migrants must be very large to have an appreciable effect
on population aging…”, (National Research Council, 2001, p. 44). Other authors argue that international
immigration does not play an important role in hindering the population ageing, see e.g. Guillemette and
Robson (2009), and also that its role in changing age distributions has been far less important than that of
fertility and mortality (Lesthaeghe (2000), United Nations (2009). In Angrisani, Attias, Bianchi and Varga
(2012), the authors extend the Leslie model in order to include the immigration effects.
We apply the population projection model of (Leslie, 1945) in a form different from the classical method
as it considers the population divided into sexes, as in Angrisani, Attias, Bianchi and Varga (2004). We
consider four European countries, which are Germany, Italy, Spain and Sweden, and Japan that represents
the most long-lived country, according to the OECD (2013).
The theory of Leslie tells us that under constant fertility rates and survival probabilities the population
tends to stabilise in its percentage distribution by age, in any case. This phenomenon is clear referring to all
considered populations, as in the numerical illustrations we report in Figure 1(b). With regard to the size, as
in the numerical illustrations we report in Figure 1(a), the examined populations decline according yearly
factors of decrease, which tend to the dominant eigenvalue of the reduced female Leslie matrix. This
eigenvalue is less than one for each considered population.
The paper is structured as follows. In section 2, we briefly review the Leslie model and its modified form
we use to numerical evaluation. In Section 3, we evaluate the dominant eigenvalue corresponding to the
population matrix of the considered countries and we estimate the adjustment to be applied to the fertility
rates at each age assuming unchanged the current probabilities of survival. Section 4 concludes.

2. The Leslie demographic model
Projection matrix methods are well-known tools for modelling population dynamics.
In this paper, we deals with the population projection model of Leslie (1945), who wrote the pioneer
work dealing with the ecologic problem of the population growth. We refer to a form different from the
classical model as it considers the population divided into sexes, see the approach of Angrisani et al. (2004).
In the Leslie model, age-specific mortality and fertility rates are used to model the dynamics of
population age structure. Both time and age are discrete variables defined on yearly bases.
We suppose that the individuals of a population are categorised into a finite number of age classes.
Let N  1 be the maximum attainable age by an individual being alive whatever the belonging sex is,
namely no individual is alive at age N . We consider the population separated in the two sex and grouped in
N age classes for i  0, 1, 2,... N  1 . In the following, let us denote with:
-

x F  t  and x M  t  the N-dimensional vectors for the female and male population at time t ,
respectively;

-

 i the reproduction rate for females of age group i (counting all new-borns of both sexes) with
i  0 for i  0, 1,2,... N  1 ;

-



x0F  0 
x0  0 

the sex female ratio at birth in the year 0;
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-

 iF the female per capita birth rate with iF i  for i 15,16,...50 and iF  0 for the remaining
age groups;

-

iF and iM the probabilities of surviving from age i to age i 1 for i  0, 1,2,... N  1 for females

and males, respectively.
Then, the corresponding N  N Leslie matrix for the female population is given by
F
 0
0 ... 15
 F
0 ... 0
0
F 
L   0 1F ... 0
 .
. ... .

 0
0 ... 0
and the dynamics of the female population is

F
...  50

0 ...

0

...

0

0 ...

0

...
...

0
.

0 ...
. ...

0
.

...

0

0 ...  NF 2

x F  t  1  LF x F  t 

0

0

0
.

0 

with t  0,1,2,...

Analogously, the corresponding N  N Leslie matrix for the male population is given by
 0
 M
0
M 
L  0

 .

 0

0

... 0 ... 0 0 ...

0

0

... 0 ... 0 0 ...

0

1M
.

... 0 ... 0 0 ...
... . ... . . ...

0
.

0

... 0 ... 0 0 ...  NM2

0

0

0
.

0 

and the dynamics of the male population is
x M  t  1  LM x M  t  

1



e1 LF x F  t 

where e1 is the N-dimensional basic vector and
a b   a1b1 , a2b2 ,...aN bN  .

with t  0,1,2,...

denotes the Hadamard product of vectors,

For the whole population, expressed by state vector x   x F x M  T , we have the following dynamics


x  t  1  x  t  with t  0,1,2,...
where the 2 N  2 N block matrix  is defined as

 LF

 d

0

0 

0 

L1M 

in which d is the N -dimensional row vector


1 F
1 F
d  0 0 ...
15 ...


 50



0 ... 0 0 
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and L1M denotes the  N  1 N  matrix
0M

M  0
L1  
 .
 0


0

... 0 ... 0 0 ...

0

1M
.

... 0 ... 0 0 ...
... . ... . . ...

0
.

0

... 0 ... 0 0 ...  NM2

0

0
.
.
0 

Since nonnegative matrix  contains a zero column, it is not irreducible and therefore the PerronFrobenius theorem cannot be applied.
Then, following Angrisani et al. (2004), the existence of a demographic equilibrium, namely the
existence of an equilibrium age distribution, is obtained by means of the application of the Perron-Frobenius
theorem to a sub-matrix of the Leslie female matrix.
Therefore, we consider the nonnegative sub-matrix obtained by matrix LF extracting the first 51 rows
and columns, i.e.
 0
 F
0

F
L50   0
 .

 0

F
F
F 
... 15
...  49
 50

... 0 ... 0
0 

... 0 ... 0
0 .
... . ... .
. 

F
... 0 ... 49
0 

0
0

1F
.
0

F
As verified in Angrisani et al. (2004), sub-matrix L50
is irreducible and primitive. Hence, by the PerronF
Frobenius theorem, L50
has a unique positive eigenvalue 0 strictly dominant over the other eigenvalues,

namely 0  i for all i 1,2,3,...50 . This particular eigenvalue 0 is associated with a positive eigenvector
50 0F

x

(a population state referred to the women aged from 0 to 50). Furthermore, it follows that, fixed the

initial state vector
that

50 F

x

 0

of the female sub-population aged from 0 to 50, there exists a number s  0 such

L 
lim

F t 50 F
x
50

t 

 0

0t

50 F

 lim

t 

x

0t

t   s



50 0 F

x

,

namely the existence of the asymptotic behaviour for female population restricted to ages up to 50 is
proved.
From this result, it is also proved that the complete female population stabilizes asymptotically, i.e.
lim

t 

xF t 

0t

 s x0 F ,

where x 0 F is a nonnegative eigenvector of matrix LF associated with the positive eigenvalue 0 and
whose first 51 entries are equal to those of

50 0F

x

.

In a similar way, it is proved that also the male population stabilizes asymptotically, i.e.
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lim

t 

xM t 

0t

 s x0 M ,

where x0 M is a nonnegative eigenvector of matrix LM associated with the positive eigenvalue 0 .
Hence, for the whole population it is proved that a demographic equilibrium exists, “…that is a
population state x 0 which is a nonnegative eigenvector of matrix  , associated with a positive eigenvalue
0 , and on the long term the age distribution of the population tends to the equilibrium age distribution in
the sense that, for any initial state x  0  , there exists s  0 such that
lim

t 

x t 

0t

 s x0 …”,

(1)

 x0 F 
where x 0 is x 0  
 , see Angrisani et al. (2004), p. 363.
0M
 x 

By (1), it follows that for large values of t the population vector is proportional to the nonnegative
eigenvector x 0 associated with the positive eigenvalue 0 of matrix  . Consequently, the proportion of
individuals in each class of age with respect to the total population tends to value of the ratio of the same age
class and the total population of the eigenvector x 0 .

3. Applications
In this section, we apply the Leslie model in the form reviewed above. We take into account four
European countries, Germany, Italy, Spain and Sweden that experience very low mortality rates, and Japan
that is the most long lived country in the world according to the list by the Organisation for Economic Cooperation and Development (OECD, 2013).
To examine trends in population dynamics, we rely on data for year 2008 available from the Human
Mortality Database (HMD) (http://www.mortality.org, data downloaded on July 2013) for population and
mortality. With regard to the fertility rates for the same year 2008, we take data available from the Eurostat
Database (http://appsso.eurostat.ec.europa.eu, data downloaded on July 2013) for the considered European
countries, from the Human Fertility Database (HFD) (http://www.humanfertility.org, data downloaded on
July, 2013) for Japan.
Our goal consists in understanding if the population tends to stabilise under the current fertility rates and
survival probabilities, namely if the size and the percentage age distribution of the population stabilise.
Hence, as a consequence of (1), we calculate the value of the dominant eigenvalue 0 evaluating the
tendential value of the ratio between the values of the population in two consecutive years.
With regard to the size, each examined population declines, see Figure 1(a), according to a yearly factor
of decrease that tends to the dominant eigenvalue of the reduced female Leslie matrix. This eigenvalue is less
than one for each considered population. The theory of Leslie tells us that under constant fertility rates and
survival probabilities the percentage distribution of population by age tends to stabilise. This phenomenon is
clear referring to all considered populations, as in the numerical illustrations we report in Figure 1(b).
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(a) Total population

Japan, dominant eigenvalue 0.986522
(b) Age distribution in percentage

Germany, dominant eigenvalue 0.986822
(a) Total population
(b) Age distribution in percentage

(a) Total population

Italy, dominant eigenvalue 0,988017
(b) Age distribution in percentage
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(a) Total population

Spain, dominant eigenvalue 0,988851
(b) Age distribution in percentage

Sweden, dominant eigenvalue 0,997283
(a) Total population
(b) Age distribution in percentage

Fig. 1: Trends of the total population (a) and the age distribution of population by percentage (b).
Source: Authors' calculations based on data in HMD, HFD and Eurostat Database.

The fact that the dominant eigenvalue is less than one for each considered population is consistent with
another statement of the Perron-Frobenius theorem for nonnegative and irreducible matrices. In fact, this
statement asserts that for the dominant eigenvalue the following conditions hold









F
F
min L50
i u  0  max L50 i u
i

i

(2)

th
F
where L50
i is the i raw of the Leslie reduced female matrix for i  0,1, 2,...50 and u  1,1,...,1 .

T

Conditions (2) are also known as “criterion of Brauer-Solow”.
F
In fact, we note that the sum of the first raw entries of L50
is equal to the sum of the female per capita
F
birth rates,  iF , while the sum of the entries of each other raw of L50
is equal to the female survival

probability for age i  0,1,2,...,49 and, therefore, is less than one. For each considered country, the sum of





F
the female per capita birth rates results less than one. Therefore, max L50
i u 1 and, hence, by (2), 0 1 .
i
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Total population under adjusted fertility rates
Japan

Germany

Italy

Spain

Sweden
Adjustment rate of the fertility rates
Japan

52,24%

Germany

50,36%

Italy

46,67%

Spain

42,38%

Sweden

8,84%

Fig. 2: Trends of the total population by age under adjustment in fertility rates.
Source: Authors' calculations based on data in HMD, HFD and Eurostat Database.

Based on the above-mentioned criterion of Brauer-Solow, necessary condition to the dominant
eigenvalue is greater than or equal to one is that the sum of the female per capita birth rates is greater than or
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F
equal to one. In fact, for each other raw of matrix L50
the sum of the entries is equal to a survival probability

and then is less than one. Since the sum of the female per capita birth rates is less than one under the current
fertility rates, we ask by the question on the rate of increase in fertility rates at all ages in the female Leslie
matrix so that the dominant eigenvalue is equal to one. In fact, in this case the population tends to stabilise in
size, in addition to its percentage distribution by age. This phenomenon is clear in the graphs reported in
Figure 2, in which for each considered country the size of population by age stabilises and, hence, the
percentage distribution by age stabilises. We have to observe the change in the age structure of population
that experiences growth in the relative “weight” of the younger classes of age with respect to the older ones.
In the calculation, we suppose that the female per capita birth rates change by a constant proportion at all
ages, so that the adjusted female birth rates are given by iF *  1  k iF , where k is a constant determined
so that the dominant eigenvalue differs from is one with an absolute error lower than 108 . In Figure 2, we
illustrate obtained results.

4. Conclusion
In this paper, we applied the Leslie model in the different form that considers the population divided into
sexes, as in Angrisani et al. (2004), using the current values of fertility rates and survival probabilities of
some countries at high socio-economic development and high life expectancy. Our analysis confirms that the
considered populations numerically decline according to the value of the Leslie dominant eigenvalue, which
results lower than one for each country, while the percentage distribution of population by age stabilizes as it
is expected by the Perron-Frobenius theory.
Moreover, with regard to the issue of the population stability that concerns developed countries all over
the world on the sustainability of the social security schemes pay-as-you-go financed, we have numerically
evaluated the rate of adjustment of the fertility rates at all ages so that the dominant eigenvalue is equal to
one, namely so that the population stabilises in the size besides in the percentage distribution by age.
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